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Difference equations appear as natural descriptions of ob-
served evolution phenomena because most measurements of
time evolving variables are discrete and as such these equations
are in their own right important mathematical models. More
importantly, difference equations also appear in the study of
discretization methods for differential equations. Several re-
sults in the theory of difference equations have been obtained5873200.
com (A.M. Ahmed), ayous-
com (A.M. Youssef).
ptian Mathematical Society.
g by Elsevier
ing by Elsevier B.V. on behalf of E
4.001as more or less natural discrete analogues of corresponding re-
sults of differential equations.
Recently there has been a lot of interest in studying the glo-
bal attractivity, boundedness character, periodicity and the
solution form of nonlinear difference equations. For some re-
sults in this area, for example,
Aloqeili [1] has obtained the solutions of the difference
equation
xnþ1 ¼ xn1
a xnxn1 ; n ¼ 0; 1; 2; . . .
Cinar [2–4] has investigated the solutions of the following dif-
ference equations
xnþ1 ¼ xn1
1þ xnxn1 ; xnþ1 ¼
xn1
1þ xnxn1 ;
xnþ1 ¼ axn1
1þ bxnxn1 ; n ¼ 0; 1; 2; . . .
Cinar et al. [5] have studied the solutions and attractivity of the
difference equationgyptian Mathematical Society. Open access under CC BY-NC-ND license.
249xnþ1 ¼ xn31þ xnxn1xn2xn3 ; n ¼ 0; 1; 2; . . .
Elsayed [6] studied the dynamics of the difference equation
xnþ1 ¼ xn51 xn1xn3xn5 ; n ¼ 0; 1; 2; . . .
Elsayed [7] studied the dynamics of the difference equation
xnþ1 ¼ xn71 xn1xn3xn5xn7 ; n ¼ 0; 1; 2; . . .
For other related papers, see [8–35]. In this paper, we obtain
the solutions of the following nonlinear difference equations
xnþ1 ¼ xn2kþ11Pki¼1xn2iþ1
; n ¼ 0; 1; 2; . . . ð1:1Þ
with conditions posed on the initial values xj, j= 0, 1,
2, . . . , 2k  1, where k 2 {1, 2, . . .}.
Let I be some interval of real numbers and let
f : Ikþ1 ! I
be a continuously differentiable function. Then for every set of
initial conditions xk, xk+1, . . . , x0 2 I, the difference
equation
xnþ1 ¼ fðxn; xn1; . . . ; xnkÞ; n ¼ 0; 1; . . . ð1:2Þ
has a unique solution fxng1n¼k.
Deﬁnition 1. A point x 2 I is called an equilibrium point of Eq.
(1.2) if
x ¼ fðx; x; . . . ; xÞ:
That is, xn ¼ x for nP 0, is a solution of Eq. (1.2), or equiv-
alently, x is a ﬁxed point of f.
Deﬁnition 2. A sequence fxng1n¼k is said to be periodic with
period p if xn+p = xn for all nP  k.
Deﬁnition 3.
(i) The equilibrium point x of Eq. (1.2) is locally stable if for
every e> 0, there exists d> 0 such that for all xk,
xk+1, . . . , x1, x0 2 I with
jxk  xj þ jxkþ1  xj þ    þ jx0  xj < d;
we have
jxn  xj <  for all nP k:
(ii) The equilibrium point x of Eq. (1.2) is locally asymptot-
ically stable if x is locally stable solution of Eq. (1.2) and
there exists c> 0, such that for all xk,xk+1, . . . , x1,
x0 2 I with
jxk  xj þ jxkþ1  xj þ    þ jx0  xj < c;
we have
lim
n!1
xn ¼ x:
(iii) The equilibrium point x of Eq. (1.2) is global attractor if
for all xk,xk+1, . . . , x1, x0 2 I, we have
lim
n!1
xn ¼ x:
(iv) The equilibrium point x of Eq. (1.2) is globally asymp-
totically stable if x is locally stable, and x is also a global
attractor of Eq. (1.2).(v) The equilibrium point x of Eq. (1.2) is unstable if x is not
locally stable.2. The difference equation xnþ1 ¼ xn2kþ11þk
i¼1xn2iþ1
In this section we give a speciﬁc form of the solution of the ﬁrst
equation in the form
xnþ1 ¼ xn2kþ1
1þPki¼1xn2iþ1
; n ¼ 0; 1; 2; . . . ð2:1Þ
where the initial values xj, j= 0, 1, 2, . . . , 2k  1 are arbi-
trary real numbers with nPk1j¼0 x2j1– 1 and mPk1i¼0
x2i– 1 such that n, m 2 {1, 2, 3, . . .}.
Theorem 2.1. Let fxng1n¼2kþ1 be a solution of Eq. (2.1). Then
for n = 0, 1, 2, . . .
x2kðn1Þþ2rþ1 ¼ a2k2r1Pn1j¼0
1þ ðkjþ rÞPk1m¼0a2mþ1
1þ ðkjþ rþ 1ÞPk1m¼0a2mþ1
 !
;
r ¼ 0; 1; 2; . . . ; k 1; ð2:2Þ
and
x2kðn1Þþ2rþ2 ¼ a2k2r2Pn1j¼0
1þ ðkjþ rÞPk1m¼0a2m
1þ ðkjþ rþ 1ÞPk1m¼0a2m
 !
;
r ¼ 0; 1; 2; . . . ; k 1; ð2:3Þ
where xj = aj, j = 0, 1, 2, . . . , 2k  1, where k 2 {1, 2, . . . },
with nPk1i¼0 a2iþ1– 1 and mPk1i¼0 a2i– 1 such that n,
m 2 {1, 2, 3, . . .}.
Proof. For n= 0, the result holds. Now suppose that our
assumption holds for n= L> 0. That is,
x2kðL1Þþ2rþ1 ¼ a2k2r1PL1j¼0
1þ ðkjþ rÞPk1m¼0a2mþ1
1þ ðkjþ rþ 1ÞPk1m¼0a2mþ1
 !
;
r ¼ 0; 1; 2; . . . ; k 1; ð2:4Þ
and
x2kðL1Þþ2rþ2 ¼ a2k2r2PL1j¼0
1þ kjþ rð ÞPk1m¼0a2m
1þ ðkjþ rþ 1ÞPk1m¼0a2m
 !
;
r ¼ 0; 1; 2; . . . ; k 1: ð2:5Þ
Now, it follows from Eqs. (2.1) and (2.4) that
x2kLþ1 ¼ x2kðL1Þþ1
1þPki¼1x2kL2iþ1
¼
a2k1PL1j¼0
1þkjPk1
m¼0a2mþ1
1þðkjþ1ÞPk1
m¼0a2mþ1
 
1þPki¼1x2kðL1Þþ2ðkiÞþ1
¼
a2k1PL1j¼0
1þkjPk1
m¼0a2mþ1
1þðkjþ1ÞPk1
m¼0a2mþ1
 
1þPki¼1 a2k2ðkiÞ1PL1j¼0 1þðkjþkiÞP
k1
m¼0a2mþ1
1þðkjþkiþ1ÞPk1
m¼0a2mþ1
  
¼ a2k1P
L1
j¼0 1þ kjPk1m¼0a2mþ1
 
PL1j¼0 1þ ðkjþ 1ÞPk1m¼0a2mþ1
 
1þPki¼1 a2i1PL1j¼0 1þðkjþkiÞP
k1
m¼0a2mþ1
1þðkjþkiþ1ÞPk1
m¼0a2mþ1
   
¼ a2k1P
L1
j¼0 1þ kjPk1m¼0a2mþ1
 
PL1j¼0 1þ ðkjþ 1ÞPk1m¼0a2mþ1
 
1þPk1m¼0a2mþ1PL1j¼0 1þkjP
k1
m¼0a2mþ1
1þðkjþkÞPk1
m¼0a2mþ1
  
¼ a2k1P
L1
j¼0 ð1þ kjPk1m¼0a2mþ1Þ
PL1j¼0 1þ ðkjþ 1ÞPk1m¼0a2mþ1
 
1þ Pk1m¼0a2mþ1
1þkLPk1
m¼0a2mþ1
 
¼ a2k1P
L1
j¼0 ð1þ kjPk1m¼0a2mþ1Þ
PL1j¼0 1þ ðkjþ 1ÞPk1m¼0a2mþ1
  1þðkLþ1ÞPk1
m¼0a2mþ1
1þkLPk1
m¼0a2mþ1
 
¼ a2k1
PLj¼0 1þ kjPk1m¼0a2mþ1
 
PLj¼0 1þ ðkjþ 1ÞPk1m¼0a2mþ1
  :
Hence, we have
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1þ kjPk1m¼0a2mþ1
1þ ðkjþ 1ÞPk1m¼0a2mþ1
 !
:
Similarly, one can easily obtain the other relations for Eq.
(2.2).
Also, it follows from Eqs. (2.1) and (2.5) that
x2kLþ2 ¼ x2kðL1Þþ2
1þPki¼1x2kL2iþ2
¼
a2k2PL1j¼0
1þkjPk1
m¼0a2m
1þðkjþ1ÞPk1
m¼0a2m
 
1þPki¼1x2kðL1Þþ2ðkiÞþ2
¼
a2k2PL1j¼0
1þkjPk1
m¼0a2m
1þ kjþ1ð ÞPk1
m¼0a2m
 
1þPki¼1 a2k2ðkiÞ2PL1j¼0 1þðkjþkiÞP
k1
m¼0a2m
1þðkjþkiþ1ÞPk1
m¼0a2m
  
¼ a2k2P
L1
j¼0 ð1þ kjPk1m¼0a2mÞ
PL1j¼0 1þ ðkjþ 1ÞPk1m¼0a2m
 
1þPki¼1 a2i2PL1j¼0 1þðkjþkiÞP
k1
m¼0a2m
1þðkjþkiþ1ÞPk1
m¼0a2m
   
¼ a2k2P
L1
j¼0 ð1þ kjPk1m¼0a2mÞ
PL1j¼0 1þ ðkjþ 1ÞPk1m¼0a2m
 
1þPk1m¼0a2mPL1j¼0 1þkjP
k1
m¼0a2m
1þðkjþkÞPk1
m¼0a2m
  
¼ a2k2P
L1
j¼0 1þ kjPk1m¼0a2m
 
PL1j¼0 1þ ðkjþ 1ÞPk1m¼0a2m
 
1þ Pk1m¼0a2m
1þkLPk1
m¼0a2m
 
¼ a2k2P
L1
j¼0 1þ kjPk1m¼0a2m
 
PL1j¼0 1þ ðkjþ 1ÞPk1m¼0a2m
  1þðkLþ1ÞPk1
m¼0a2m
1þkLPk1
m¼0a2m
 
¼ a2k2
PLj¼0ð1þ kjPk1m¼0a2mÞ
PLj¼0 1þ ðkjþ 1ÞPk1m¼0a2m
  :
Hence, we have
x2kLþ2 ¼ a2k2PLj¼0
1þ kjPk1m¼0a2m
1þ ðkjþ 1ÞPk1m¼0a2m
 !
:
Similarly, one can easily obtain the other relations for Eq.
(2.3).
Hence, the proof is complete. h
Theorem 2.2. The only equilibrium point x of Eq. (2.1) is x ¼ 0.
Proof. From Eq. (2.1), we can write
x ¼ x
1þ xk :
Then we have
xþ xkþ1 ¼ x:
Thus, the only equilibrium point of Eq. (2.1) is x ¼ 0. h
Theorem 2.3. Assume that the initial values x2k+1,
x2k+2, . . . , x0 2 [0, 1), then the equilibrium point x ¼ 0 of
Eq. (2.1) is locally stable.
Proof. Let e > 0, and let fxng1n¼2kþ1 be a solution of Eq. (2.1)
such that
P0
j¼2k1jxjj < .
It sufﬁces to show that Œx1Œ< e. Now
0 < x1 ¼ x2kþ1
1þPki¼1x2iþ1
6 x2kþ1 < ;
and so the proof is complete. h
Theorem 2.4. Assume that the initial values
x2k+1,x2k+2, . . . , x0 2 [0, 1), then every solution of Eq.
(2.1) is bounded.
Proof. Let fxng1n¼2kþ1be a solution of Eq. (2.1). It follows
from Eq. (2.1) thatxnþ1 ¼ xn2kþ1
1þPki¼1xn2iþ1
6 xn2kþ1 for all nP 0:
Then the sequence fxng1n¼2kþ1 is decreasing and so that the se-
quence is bounded from above by M=max{x2k+1,
x2k+2, . . . , x0}. h3. The difference equation xnþ1 ¼ xn2kþ11þk
i¼1xn2iþ1
In this section we obtain the solution of the second equation in
the form
xnþ1 ¼ xn2kþ11þPki¼1xn2iþ1
; n ¼ 0; 1; 2; . . . ð3:1Þ
where the initial values xj, j= 0, 1, 2, . . . , 2k  1 are arbi-
trary real numbers with Pk1i¼0 x2i1–1; P
k1
i¼0 x2i – 1.
Theorem 3.1. Assume that k is even, and let fxng1n¼2kþ1 be a
solution of Eq. (3.1). Then for n = 0, 1, 2, . . .
x2kðn1Þþ4rþ1 ¼ a2k4r1
1þPkj¼1a2j1
 n ; r ¼ 0; 1; 2; . . . ; k
2
 1; ð3:2Þ
x2kðn1Þþ4rþ2 ¼ a2k4r2
1þPkj¼1a2j2
 n ; r ¼ 0; 1; 2; . . . ; k
2
 1; ð3:3Þ
x2kðn1Þþ4rþ3 ¼ a2k4r3 1þPkj¼1a2j1
 n
; r ¼ 0; 1; 2; . . . ; k
2
 1;
ð3:4Þ
x2kðn1Þþ4rþ4 ¼ a2k4r4 1þPkj¼1a2j2
 n
; r ¼ 0; 1; 2; . . . ; k
2
 1:
ð3:5Þ
where xj = aj, j = 0, 1, 2, . . . , 2k  1, where k 2 {1, 2, . . .},
such that Pkj¼1a2j1 – 1 and P
k
j¼1a2j2 – 1.
Proof. For n= 0, the result holds. Now suppose that our
assumption holds for n= L> 0. That is,
x2kðL1Þþ4rþ1 ¼ a2k4r1
1þPkj¼1a2j1
 L ; r ¼ 0; 1; 2; . . . ; k2  1;
x2kðL1Þþ4rþ2 ¼ a2k4r2
1þPkj¼1a2j2
 L ; r ¼ 0; 1; 2; . . . ; k2  1;
x2kðL1Þþ4rþ3 ¼ a2k4r3 1þPkj¼1a2j1
 L
; r ¼ 0; 1; 2; . . . ; k
2
 1;
x2kðL1Þþ4rþ4 ¼ a2k4r4 1þPkj¼1a2j2
 L
; r ¼ 0; 1; 2; . . . ; k
2
 1:
Now, it follows from Eq. (3.1) that
x2kLþ1 ¼ x2kðL1Þþ11þPki¼1x2kL2iþ1
¼
a2k1
1þPk
j¼1a2j1ð ÞL
1þ x2kL1x2kL3 . . . x2kL2kþ1
¼
a2k1
1þPk
j¼1a2j1ð ÞL
1þ a1 1þPkj¼1a2j1
 L
a3
1þPk
j¼1a2j1ð ÞL
. . . a2k1
1þPk
j¼1a2j1ð ÞL
¼
a2k1
1þPk
j¼1a2j1ð ÞL
1þPkj¼1a2j1
¼ a2k1
1þPkj¼1a2j1
 Lþ1 :
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Also, it follows from Eq. (3.1) that
x2kLþ2 ¼ x2kðL1Þþ21þPki¼1x2kL2iþ2
¼
a2k2
1þPk
j¼1a2j2ð ÞL
1þ x2kLx2kL2 . . . x2kL2kþ2
¼
a2k2
1þPk
j¼1a2j2ð ÞL
1þ a0 1þPkj¼1a2j2
 L
a2
1þPk
j¼1a2j2ð ÞL
. . . a2k2
1þPk
j¼1a2j2ð ÞL
¼
a2k2
1þPk
j¼1a2j2ð ÞL
1þPkj¼1a2j2
¼ a2k2
1þPkj¼1a2j2
 Lþ1 :
Similarly, one can easily obtain the other relations for Eq.
(3.3). Also, it follows from Eq. (3.1) that
x2kLþ3 ¼ x2kðL1Þþ31þPki¼1x2kL2iþ3
¼
a2k3 1þPkj¼1a2j1
 L
1þ x2kLþ1x2kL1x2kL3 . . .x2kL2kþ3
¼
a2k3 1þPkj¼1a2j1
 L
1þ a2k1
1þPk
j¼1a2j1ð ÞLþ1
a1 1þPkj¼1a2j1
 L
a3
1þPk
j¼1a2j1ð ÞL
. . . a2k3 1þPkj¼1a2j1
 L
¼
a2k3 1þPkj¼1a2j1
 L
1þ P
k
j¼1a2j1
1þPk
j¼1a2j1
¼ a2k3 1þPkj¼1a2j1
 Lþ1
:
Similarly, one can easily obtain the other relations for Eq.
(3.4). Also, it follows from Eq. (3.1) that
x2kLþ4 ¼ x2kðL1Þþ41þPki¼1x2kL2iþ4
¼
a2k4 1þPkj¼1a2j2
 L
1þ x2kLþ2x2kLx2kL2 . . .x2kL2kþ4
¼
a2k4 1þPkj¼1a2j2
 L
1þ a2k2
1þPk
j¼1a2j2ð ÞLþ1
a0 1þPkj¼1a2j2
 L
a2
1þPk
j¼1a2j2ð ÞL
. . . a2k4 1þPkj¼1a2j2
 L
¼
a2k4 1þPkj¼1a2j2
 L
1þ P
k
j¼1a2j2
1þPk
j¼1a2j2
¼ a2k4 1þPkj¼1a2j2
 Lþ1
:
Similarly, one can easily obtain the other relations for Eq.
(3.5). Thus, the proof is completed. h
Theorem 3.2. Assume that k is odd, then every solution
fxng1n¼2kþ1 of Eq. (3.1) is periodic with period 4k of the form
a2k1; a2k2; . . . ; a1; a0;
a2k1
1þPkj¼1a2j1
;
a2k2
1þPkj¼1a2j2
;
a2k3 1þPkj¼1a2j1
 
;
a2k4ð1þPkj¼1a2j2Þ;
a2k5
1þPkj¼1a2j1
;
a2k6
1þPkj¼1a2j2
;
a2k7 1þPkj¼1a2j1
 
;
a2k8 1þPkj¼1a2j2
 
; . . . ;
a1
1þPkj¼1a2j1
;
a0
1þPkj¼1a2j2
;
where xj = aj, j = 0, 1, 2, . . . , 2k  1, where k 2 {1, 2, . . .},
such that Pkj¼1a2j1–1 and P
k
j¼1a2j2 – 1.
Proof. From Eq. (3.1), we havex1 ¼ x2kþ11þPk
i¼1x2iþ1
¼ a2k11þPk
j¼1a2j1
; x2 ¼ x2kþ21þPk
i¼1x2iþ2
¼ a2k21þPk
j¼1a2j2
;
x3 ¼ x2kþ31þPk
i¼1x2iþ3
¼ a2k31þx1Pk1j¼1 a2j1 ¼ a2k3 1þP
k
j¼1a2j1
 
;
x4 ¼ x2kþ41þPk
i¼1x2iþ4
¼ a2k41þx2Pk1j¼1 a2j2 ¼ a2k4 1þP
k
j¼1a2j2
 
;
x5 ¼ x2kþ51þPk
i¼1x2iþ5
¼ a2k51þx3x1Pk2j¼1 a2j1 ¼
a2k5
1þPk
j¼1a2j1
;
x6 ¼ x2kþ61þPk
i¼1x2iþ6
¼ a2k61þx4x2Pk2j¼1 a2j2 ¼
a2k6
1þPk
j¼1a2j2
;



x2kþ1 ¼ x11þPk
i¼1x2k2iþ1
¼
a2k1
1þPk
j¼1a2j1
1þx1x3 ...x2k1 ¼
a2k1
1þPk
j¼1a2j1
1þa2k1a2k3 ...a3 a11þPk
j¼1a2j1
¼ a2k1 ¼ x2kþ1:
Similarly, one can easily show that xn+4k = xn, for nP 0.
Thus, the proof is completed. h
Theorem 3.3. Eq. (3.1) has two equilibrium points namely
0;
ﬃﬃﬃ
2k
p
.
Proof. From Eq. (3.1), we can write
x ¼ x1þ xk :
Then we have
xþ xkþ1 ¼ x:
Thus the equilibrium points of Eq. (3.1) are 0;
ﬃﬃﬃ
2k
p
. h
Theorem 3.4. Assume that k is even, and let fxng1n¼2kþ1 be a
solution of Eq. (3.1) such that xj = aj „ 0, j = 0, 1, 2, . . . ,
2k  1. Then Eq. (3.1) has a periodic solution of period 2k of
the form {a2k1, a2k2, . . . , a0} if and only if
Pkj¼1a2j1 ¼ Pkj¼1a2j2 ¼ 2.
Proof. First suppose that there exists a period 2k solution of
the form
. . . ; a2k1; a2k2; . . . ; a0; . . .
of Eq. (3.1), we see from Eqs. (3.2) and (3.3) that
a2k1 ¼ a2k11þPkj¼1a2j1
; a2k2 ¼ a2k21þPkj¼1a2j2
:
Then Pkj¼1a2j1 ¼ Pkj¼1a2j2 ¼ 2.
Second assume that Pkj¼1a2j1 ¼ Pkj¼1a2j2 ¼ 2, then we see
from Eqs. 3.2, (3.3)–(3.5) that
xnþ2k ¼ xn; 8nP 0:
Thus, the proof is complete. h4. The difference equation xnþ1 ¼ xn2kþ11k
i¼1xn2iþ1
In this section we obtain the solution of the third equation in
the form
252 A.M. Ahmed, A.M. Youssefxnþ1 ¼ xn2kþ1
1Pki¼1xn2iþ1
; n ¼ 0; 1; 2; . . . ð4:1Þ
where the initial values xj, j= 0, 1, 2, . . . , 2k  1 are arbi-
trary real numbers with nPk1i¼0 x2i1 – 1; mP
k1
i¼0 x2i – 1 such
that n, m 2 {1, 2, 3, . . .}.
Theorem 4.1. Let fxng1n¼2kþ1 be a solution of Eq. (4.1). Then
for n = 0, 1, 2, . . .
x2kðn1Þþ2rþ1 ¼ a2k2r1Pn1j¼0
ðkjþ rÞPk1m¼0a2mþ1  1
ðkjþ rþ 1ÞPk1m¼0a2mþ1  1
 !
;
r ¼ 0; 1; 2; . . . ; k 1; ð4:2Þ
and
x2kðn1Þþ2rþ2 ¼ a2k2r2Pn1j¼0
kjþ rð ÞPk1m¼0a2m  1
ðkjþ rþ 1ÞPk1m¼0a2m  1
 !
;
r ¼ 0; 1; 2; . . . k 1: ð4:3Þ
where xj = aj, j = 0, 1, 2, . . . , 2k  1, where k 2 {1, 2, . . .},
with nPk1i¼0 a2iþ1–1 and mP
k1
i¼0 a2i–1 such that n,
m 2 {1, 2, 3, . . .}.
Proof. The Proof is similar to the Proof of Theorem 2.1 , and
will be omitted. h
Theorem 4.2. Eq. (4.1) has a unique equilibrium point x ¼ 0.
Proof. From Eq. (4.1), we can write
x ¼ x
1 xk :
Then we have
x xkþ1 ¼ x:
Thus the only equilibrium point of Eq. (4.1) is x ¼ 0. h5. The difference equation xnþ1 ¼ xn2kþ11k
i¼1xn2iþ1
In this section we obtain the solution of the fourth equation in
the form
xnþ1 ¼ xn2kþ11Pki¼1xn2iþ1
; n ¼ 0; 1; 2; . . . ð5:1Þ
where the initial values xj, j= 0, 1, 2, . . . , 2k  1 are arbi-
trary real numbers with Pk1i¼0 x2i1 –  1; Pk1i¼0 x2i –  1.
Theorem 5.1. Assume that k is even, and let fxng1n¼2kþ1 be a
solution of Eq. (5.1). Then for n = 0, 1, 2, . . .
x2kðn1Þþ4rþ1 ¼ ð1Þn a2k4r1
1þPkj¼1a2j1
 n ; r ¼ 0; 1; 2; . . . ; k
2
 1; ð5:2Þ
x2kðn1Þþ4rþ2 ¼ ð1Þn a2k4r2
1þPkj¼1a2j2
 n ; r ¼ 0; 1; 2; . . . ; k
2
 1; ð5:3Þ
x2kðn1Þþ4rþ3 ¼ ð1Þna2k4r3 1þPkj¼1a2j1
 n
; r ¼ 0; 1; 2; . . . ; k
2
 1; ð5:4Þ
x2kðn1Þþ4rþ4 ¼ ð1Þna2k4r4 1þPkj¼1a2j2
 n
; r ¼ 0; 1; 2; . . . ; k
2
 1; ð5:5Þ
where xj = aj, j = 0, 1, 2, . . . , 2k  1, where k 2 {1, 2, . . .},
such that Pkj¼1a2j1 –  1 and Pkj¼1a2j2 –  1.Proof. The Proof is similar to the Proof of Theorem 3.1 , and
will be omitted. h
Theorem 5.2. Assume that k is odd, then every solution
fxng1n¼2kþ1 of Eq. (5.1) is periodic with period 4k of the form
a2k1; a2k2; . . . ; a1; a0;
a2k1
1þPkj¼1a2j1
;
a2k2
1þPkj¼1a2j2
;
 a2k3 1þPkj¼1a2j1
 
;
 a2k4 1þPkj¼1a2j2
 
;
a2k5
1þPkj¼1a2j1
;
a2k6
1þPkj¼1a2j2
;
 a2k7 1þPkj¼1a2j1
 
;
 a2k8 1þPkj¼1a2j2
 
; . . . ;
a1
1þPkj¼1a2j1
;
a0
1þPkj¼1a2j2
;
where xj = aj, j = 0, 1, 2, . . . , 2k  1, where k 2 {1, 2, . . .},
such that Pkj¼1a2j1 –  1 and Pkj¼1a2j2 –  1.
Proof. The Proof is similar to the Proof of Theorem 3.2 , and
will be omitted. h
Theorem 5.3.
(i) Assume that k is even, then Eq. (5.1) has a unique equi-
librium point x ¼ 0.
(ii) Assume that k is odd, then Eq. (5.1) has two equilibrium
points namely 0;
ﬃﬃﬃﬃﬃﬃ2kp .
Proof. From Eq. (4.1), we can write
x ¼ x1 xk :
Then we have
x xkþ1 ¼ x;
from which the result follows. h
Theorem 5.4. Assume that k is even, and let fxng1n¼2kþ1 be a
solution of Eq. (5.1) such that xj = aj „ 0, j = 0, 1, 2, . . . ,
2k  1. Then Eq. (5.1) has a periodic solution of period 2k of
the form {a2k1, a2k2, . . . , a0} if and only if P
k
j¼1a2j1 ¼
Pkj¼1a2j2 ¼ 2.
Proof. The Proof follows immediately from Theorem 5.1, and
will be omitted. hAcknowledgement
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